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Abstract

In this paper we develop the Edgeworth expansions of the Quasi Maxi-
mum Likelihood Estimators (QMLEs) of the EGARCH(1, 1) parameters and
we derive their asymptotic properties, in terms of bias and mean squared er-
ror. The notions of geometric ergodicity and stationarity are also discussed
in shedding light on the asymptotic theory of the EGARCH models. We also
examine the effect on the QMLESs of the variance parameters by including an
intercept in the mean equation. We check our theoretical results by simula-
tions. In doing this, we employ either analytic or numeric derivatives and the
convergence properties of the methods will be also discussed.
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1 Introduction

The last years there has been a substantial interest in approximating the exact distrib-
utions of econometric estimators in time series models and deriving their asymptotic
properties. Although there is an important and growing literature that deals with the
asymptotics of the Generalized Autoregressive Conditional Heteroskedastic (GARCH)
models, either in terms of consistency and asymptotic normality of the estimators or
in terms of the finite-sample theory, the asymptotic properties of the estimators in the
Exponential GARCH (EGARCH) process of Nelson [22] have not been fully explored.
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Comparing to the GARCH process, the advantages of the EGARCH model are well-
known, with the main one being the fact that the model captures the negative dynamic
asymmetries noticed in many financial series, i.e. the so-called leverage effects.

The asymptotic aspects of the conditionally heteroskedastic models have been dis-
cussed under many different considerations, in order to analyze the statistical properties
of these estimators. Since the important work of Engle [11] and that of Bollerslev [2],
who introduced the Autoregressive Conditional Heteroskedasticity (ARCH) and Gen-
eralized ARCH models, respectively, a huge amount of literature on the asymptotics
has appeared in short time. Weiss [28] proved Consistency and Asymptotic Normal-
ity (CAN) of the maximum likelihood estimators in ARCH models, assuming normal
distribution of the errors and imposing a rather restrictive condition that the data have
bounded fourth moments, excluding in that way from the proof many other interesting
conditionally heteroskedastic models. Quite parallel, Lee and Hansen [16] and Lums-
daine [18] relaxed the condition which Weiss imposed and they looked at the conse-
quences of the possible failure of the normality assumption on the errors, providing
conditions under which CAN exist in the GARCH(1, 1) specification (for multivariate
frameworks see e.g. Jeantheau [15]; Comte and Lieberman [6]).

The problem of proving stationarity in the GARCH context has not been solved
until Nelson [21] provided conditions for the existence and uniqueness of a stationary
solution in the GARCH(1, 1) case. Mixing and moment properties have been inves-
tigated for various GARCH and stochastic volatility models, see Carrasco and Chen
[5]. The small sample properties of the estimators in the first order GARCH model are
investigated through an asymptotic expansion of the Edgeworth type, as Linton [17]
developed'. Nowadays, many researchers work on the asymptotic behaviour of these
estimators, with unceasing interest.

Until the influential work of Nelson [22], the conditional heteroskedastic models
that had been developed could not explain the asymmetry effects, indicating that al-
ternative models might be suitable for financial applications. Turning our attention
to asymmetric GARCH models, and more specifically to the EGARCH model which
has become a popular model in applied work, very little is known about its statisti-
cal properties. Although we are endowed with the moment structure investigated by
He, Terasvirta and Malmsten [13], the limiting properties of the maximum likelihood
estimators do not exist in the literature. The interest in consistency and asymptotic
normality results of EGARCH has been growing and the problem of the theoretical
properties not yet been explored await for an answer; see, for example, Straumann and
Mikosch [26].

In this paper we develop the Edgeworth expansions of the Quasi Maximum Like-
lihood Estimators (QMLEs) of the EGARCH(1, 1) parameters and we derive their as-
ymptotic properties, in terms of bias and mean squared error. The notions of geometric
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ergodicity and stationarity are also discussed in shedding light on the asymptotic the-
ory of the EGARCH models. We also examine the effect on the QMLEs of the variance
parameters by including an intercept in the mean equation. We check our theoretical
results by simulations. In doing this, we employ either analytic or numeric derivatives
and the convergence properties of the methods will be also discussed.

1.1 Literature Review on the EGARCH model

The literature on GARCH models is really vast, so that readers are refered for example
to the survey papers of Bera and Higgins [1] and Bollerslev, Chou and Kroner [3],
as well as Bollerslev, Engle and Nelson [4]. These papers review the properties and
the estimation techniques, as well as the statistical tests that have been developed and
they comprise the origin that all researchers in this field should begin with. Here, we
review some papers that mostly deal with the features and the statistical properties of
the EGARCH model.

In his seminal paper, Nelson [22] pointed out that the simple structure of the GARCH
and related processes, i.e. symmetric non-linear models, is not the most important
criterion in modelling the financial time series. He underlined that there are some
unexceptionable drawbacks of the GARCH theory indicating that a new approach is
necessary to be established. The Exponential GARCH model of Nelson meet these
limitations, which can be summarized thereupon. First, volatility tends to rise in re-
sponse to "bad news" and fall in response to "good news", so that a sign effect should
be introduced in the model. Second, the strict assumption of nonnegative coefficients
is not imposed as the logarithm of the conditional variance ensures that there is always
positivity. Third, interpretation of the persistence of shocks to conditional variance is
possible through the EGARCH context. Nelson also derived a necessary and sufficient
condition for strict stationarity of the EGARCH process, when In /2 has an infinite
moving average representation (see Theorem 2.1, p. 351).

Moreover, in the paper of He, Terasvirta and Malmsten [13] we are given the mo-
ment structure of the standard EGARCH(1, 1) model and without assuming normality
of the errors. The existence of unconditional moments and the kurtosis, as well as
the properties of the autocorrelation function of positive powers of absolute observa-
tions are examined. The results presented there are important for comparisons with the
GARCH model. For an analysis which assumes normality and presents an alternative
technique for the expression of the autocorrelation function of squared observations,
the reader is refered to the paper of Demos [10].

The finite sample properties of the maximum likelihood and quasi-maximum likeli-
hood estimators of the EGARCH(1, 1) process using Monte Carlo methods have been
examined in the paper of Deb [9]. He used, however, response surface methodology in
order to examine the finite sample bias and other properties in interest.
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Recently, Dahl and Iglesias [8] analysed the limiting properties, in terms of consis-
tency and asymptotic normality, of the estimated parameters in a related but in many
aspects different to the traditional EGARCH model of Nelson, [22]. More specifically,
they allow for a variant specification of the conditional variance in which the stan-
dardised residuals (z;_1), which are introduced in the next section, are replaced by the
observed process and as a consequence the recursive nature of z;_; in the conditional
variance function no longer exists. Automatically, this alteration makes the whole
proofs easier, but the investigation of the asymptotic properties of Nelson’s model still
remains unsolved.

Another related paper is that of Perez and Zaffaroni [23] who derived and com-
pared the finite sample properties of maximum likelihood and Whittle estimators in
EGARCH models. This paper considers also the Fractionally Integrated EGARCH
(FIEGARCH) model to represent the long-memory behaviour observed in the corre-
lations of squared returns. The results of the paper are illustrated by a Monte Carlo
experiment. The outcome of such an analysis is that if someone performs Whittle
estimation, its performance is comparable to maximum likelihood, especially when
considering the bias of the estimates, while the maximum likelihood is often superior
in terms of mean squared error.

To the best of our knowledge, in terms of consistency and asymptotic normality, the
theoretical properties of the QMLEs in the EGARCH model have not been studied in
the literature. Straumann and Mikosch [26] established the asymptotic properties of
this model but of a lower order, with stochastic recurrence equations methods. They
encountered difficulties of establishing invertibility of the model, which is critical in
order to make sure that the likelihood function is well-behaved asymptotically.

The organisation of the paper is as follows: Section 2 presents the model and esti-
mators. Section 3 deals with the main results of our analysis. First, analytic derivatives
and their expected values are presented. Second, conditions for stationarity of the log-
variance derivatives are investigated. In the sequel, the Edgeworth expansions of the
Quasi Maximum Likelihood Estimators are derived and theoretical bias approxima-
tions of the estimators are calculated. Finally, Section 4 concludes. All proofs, rather
lengthy, are collected in the Appendix at the end. Let us now turn our attention to the
definition of the EGARCH(1, 1) model and its statistical properties.

2 The Model and Estimators

Let us consider the following model, where the observed data {yt}thl are generated
by the EGARCH(1, 1) process, see Nelson [22], in which the conditional variance, h;,
depends on both the size and the sign of the lagged residual:
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Yy o= b+ ug, t=1,..T, where (1)

up = 2\,
u] Ay~ N (0,h), 2z ~id(0,1)
In(h) = a+0z1+79(z1)+Bn(h), where (2)
9(z) = |zl = Elz|

{u;} is a real-valued discrete time stochastic process (the error process) and & is a pos-
itive with probability one .4, ;-measurable function (the conditional variance), where
A;_; is the sigma-algebra generated by the past values of z, i.e. {z;_1, 22, 213, ... }-
The function ¢ (z;) is a well-defined function of z;. The process h; is not observed
and thus is constructed via recursion using the estimating values of the parameters and
a proper initial value for the conditional variance. The only distributional assumption
made about the innovations z;s is that they are independently and identically distributed
(i1d) with zero mean and unit variance. We do not impose any symmetric distributional
property, however the proofs automatically become very tedious, but also very chal-
lenging. The conditional variance is constrained to be non-negative by the assumption
that the logarithm of h, is a function of past z;s. Comparing to relative research, the
Nelson’s paper was the first which models the conditional variance as a function of
variables which are not solely squares of the observations.

It is useful to rewrite our model in the multiplicative form; from definition (2) it
follows that

he = exp{a+0z_1+v9(zi-1) +Lln(hi1)} =
= exp{a}exp {0z 1} exp{yg (z-1)} hi ;. 3)

The equations of the EGARCH process create a complicated probabilistic structure
which is not easily understood. Note from eq. (2) that In (h;) constitutes a causal AR(1)
process with mean «/ (1 — ) and error sequence [0z;_1 + 7y (|zt—1| — E'|2:-1])]. The
unique stationary solution to (2), provided that |5| < 1, is given by its almost sure
(a.s.) representation:

In(h) = a(l=8)"+> B* Ozt +79 (2-1-1)) =
k=0

In(h) > a(1-=p8)" a.s.

The conditional variance responds asymmetrically to rises and falls in stock price,
which is believed to be important for example in modelling the behaviour of stock
returns. It is an important stylized fact for many assets. The coefficients (6 + ) and
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(0 — ) (if z, > 0 and z; < 0, respectively) show the asymmetry in response to positive
and negative y;. The parameter 6 is referred to as the leverage parameter, which shows
the effect of the sign of y;. The term ~ [|z,| — E|z|] represents a magnitude effect.
Formulae for the higher order moments of u, are given in Nelson [22]. The parameter
« can be made a function of time () to accommodate the effect of any non-trading
periods of forecastable effects.

The unconditional mean and variance of v is:

E (y:) = p,
and

var ) = o (125 TT B oo #0320l
1-8) -

which, under normality of the errors, becomes the following result:

Var (y;) = exp %; H [exp (@) B (Bi7") + exp <ﬁ;5 ) o (5"5)] |

1=0

where v* = v+ 6,0 = v — 6 and ® (k) is the value of the cumulative standard Normal
evaluated at k, i.e. ® (k) = ffoo \/Lz? exp (—%) de.
Proof. The proof of the unconditional variance is given in the Appendix. W

The last expressions above may be difficult to compute. We have to approximate
the infinite products by a product with a finite number of terms. Such expressions will
arise in many different points below in our analysis.

To estimate the parameters of the model in eq. (1) and eq. (2), we employ the quasi-
maximum likelihood estimation. Maximum likelihood is the procedure which is most
often used in estimating the parameters in time series models, but for most applications
it is very difficult to justify the conditional normality assumption. Therefore, the log-
likelihood function may be misspecified. However, we can still obtain estimates by
maximizing a Gaussian quasi-log-likelihood function and under the auxiliary assump-
tion of an 7id distribution for the standardized innovations z;s. The estimators which
are derived by this maximization problem are the so-called Quasi Maximum Likeli-
hood Estimators (QMLEs). The fact that the we maximize a quasi-log-likelihood is
justified by the evidence that distributions of asset returns are often thick tailed and
as a consequence the normality assumption is violated and hence the likelihood is not
well specified.

An important and really interesting feature of our model is that the assumption of

the block diagonality of the information matrix no longer holds. This is also the case
for the ARCH-M model and the asymmetric model of the Augmented ARCH (see Bera
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and Higgins [1], p. 349; also Bollerslev, Engle and Nelson [4], p. 2981). This implies
that the off-diagonal blocks involving partial derivatives with respect to both mean
and variance parameters are not null matrices, while this is the case in other GARCH-
type models. Below we present analytic proofs of this argument in the context of the
EGARCH(1, 1) model and these results disaccord with Malmsten [19], even if the
distribution of the innovations is symmetric, which implies that £23 = 0.

Nelson [22] proposes to estimate the EGARCH model by maximum likelihood as-
suming that the innovations have a Generalized Error Distribution (GED). The appeal
of this distribution comes from the fact that it nests the normal distribution as a special
case, and can also display both thinner and thicker tails than the normal, depending on
the value achieved by the tail thickness parameter’.

In the EGARCH(1, 1) model, there is no explicit expression of the probability den-
sity of the vector (yi,...,yr) since the distribution of (hy, ..., hr)  is not known. To
overcome this difficulty, we consider an approximate conditional log-likelihood in-
stead. Some assumptions are also required for the initial values of the conditional
variance h;, which should be drawn from the stationary distribution, and the squared
standardized residuals 22. Assuming that zy = 0 and In (ho) = ﬁ, we obtain a good
approximation to the conditional Gaussian log-likelihood, as follows:

T = (e — )’
é(u7&707577|20ah0) == ——ln 271' ——Zln ht ZT:

t=1 t

2 (4)

l\DI»—t
M’ﬂ

T
= ——ln 27) ——Zln hy) —

t=1

Notice that h; and z; are both functions of w and p, where w = (o, 6, 3, 7)/ , 1.e. the

vector of unknown log-variance parameters, so that both are functions of o= (w’, ;1) /
which represents the vector of all unknown parameters. The first order conditions are
recursive and consequently do not have explicit solutions.

The likelihood function is derived as though the errors are conditionally normal and
is still maximized at the true parameters. Having specified the log-likelihood function,
the quasi maximum likelihood estimator is then defined as

T
—~ 1
Or = arg max ; 2(0). (5)
Because the likelihood function is misspecified, the form of the covariance matrix of
the QMLESs is more complex than the usual inverse of the information matrix, see

White [29] and [30]. More specifically, if we assume that the random functions A, (@)
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are almost surely twice continuously differentiable then the following matrices G and
F( are well-defined:

FO = G07

2
E(zf—1
o - B () (52

The asymptotic covariance matrix is given by Fy'GoF,'. If 2 is actually standard
Gaussian, then Gy = —F and thus the covariance matrix asymptotically is given by
the well-known result of the inverse of the information matrix. There are strongly
consistent estimators of the matrices GGy and F; indeed:

R
n
where L; = %‘ZO) and L;; = aaf;a"ao, Jfori,j e {p,a,0,8,7v}.

In summary, the steps in the estimation method are the following. If the type of the
distribution of z; is not specified, it is impossible to determine a likelihood function.
A common approach in such a situation is to suppose that z; ~ #idN (0,1). Now it
is possible to determine a so-called Gaussian quasi log-likelihood and solving a maxi-
mization problem to derive the quasi maximum likelihood estimator. Instead of using
the exact log-likelihood, we concentrate on finding an approximation to a conditional
likelihood. We then make use of proper initial values in order to obtain a good ap-
proximation to the conditional likelihood. In that way, we derive an estimator which is
asymptotically equivalent to the QMLE that we obtained as the solution of the maxi-
mization problem.

El:

Let us proceed with the main results of our analysis, beginning with the analytic
derivatives of the log-likelihood function and their expected values.

3 The Main Results

3.1 Analytic derivatives and their expected values

In this section we present the derivatives of the log-likelihood function and their ex-
pected values, which are needed in the sequel to calculate the cumulants of the Edge-
worth distribution and to evaluate the asymptotic bias of the QMLESs. It is of great
importance to mention that there are no such analytic results in the literature, and it is
especially this feature that makes this analysis to differ from the previous one, that of
Linton [17], who studied the case of the GARCH(1, 1) model.
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Before presenting our first results, it is worthwhile to discuss the usefulness of the
analytic derivatives and their expected values, in terms of the asymptotic theory. The
limit behaviour of the sequences of functions of first and second order derivatives of
the log-likelihood function are essential to be studied for establishing the asymptotic
normality of the QMLEs. By means of a Taylor expansion of the score function of the
log-likelihood, the asymptotic normality is established. Consequently, one has to study
the differentiability properties of the conditional variance, which is a priliminary but
crucial step in large-sample theory. Moreover, the expected values of the derivatives
of the log-likelihood are needed in order to calculate the cumulants of the approximate
distribution and these results are then used to calculate the bias expressions of the
estimators. Let us first proceed with the derivatives of the log-likelihood function and
their analytic representation.

Following the notation employed in Linton (1997), 1.e. hy,, = mré—(oht), the derivatives

of the log-likelihood function with respect to all the parameters are:

1 < d 2
L = _E — 1) hyy + —_,
g 2 t=1 (Zt ) w ; Vh
1 < L1 2 1
1 L t 1 272
b = 5 2 b =2 (ht”w? hf”zztht“>’

T T
2 1
-3 E —;L (ht;p,u - hi,) ) E Zt2 (3ht;uht;u7u o h?;u)

t=1 t t=1

1 T
£l = 52(23_1)}%17

t=1

1 I ¢

£ = §3 ()b

t=1 t=1
L;; _li(2—1h~—1T 2 (3hyihyjn — h2
ik = 5 t ) tii,5,k 22 t( GiT gk t;i)'

t=1 t=1



The cross derivatives are given by the following expressions:

Li,

DN | =
o~
HMH
I

Eiuu

N | —
-
T~
—

-

1

Liju

N =
[\
= -

-
Il

1

N | —
TFM%
A

T
z
(Zt2 - 1) Pt — 2 Z \/_;l_t (ht;w - ht;iht;u)
t=1

T
1
2 (2ht;uht;i,u - ht;ih?;,u + ht;iht;mu) + Z h_tht;“
t=1

T
(Z2 - 1) ht;i, N7 i (h't;i,' - ht;iht; )
t Js 1 ; \/h_t J J

th (ht;jht;i,u - ht;jht;iht;u + ht;ivjht;u + ht;iht;j,u) :

Note that the log-likelihood derivatives are expressions of the log-variance deriva-
tives, h..., where the latter are given in the Appendix. The expected values of the

log-likelihood derivatives are also given in the Appendix.

The cross-products of the log-likelihood derivatives are:

For Z,] S {Oé, 97 e 6}’

1 & 1 & 1 &
LiLij = §Z(Z3—1)ht%i §Z(Zt _1)ht”_2zzt2h§;i)7
t=1 t=1 t=1
1 < 1 & 1 < oz
.= = 2 N\ ho l = 1 _ = 2p B, a2 N
Elﬁm 2 ; (Zt ) hm 2 ; (zt ) htw 9 fZ=1: 2t ht,aht,u ; \/h_thm> )
LiL,, = li(2—1)h-_1i( —1)h —i L IS TS
ik =y - 2 t;i _2 £ 2t £t 0 £ hy NGB tp 2215 tw ]|
1 T . 1z 1z
L,Li; = 5 Z (Zt - 1) Py + Z e 5 Z (th - 1) hiij — = Zzghfz )
2 t=1 t=1 he 2 t=1 2 t=1
1< U LS (2 by, — 2SOT 220,k
- - 22 1) h,. + _ct 2 Lat=1\*1t g p th t=1~t "5t
p~gp <2 ; ( t ) ik ; 7y _ Zthl ﬁht;i
1 <& T 2 %Zthl (ZtZ —1) Pty
L, L = — — 1) hyy + — )
B~ g <2 ; (Zt ) tiu ; Ry - Zle <hit + lei—tht;u + %thf;u)

)



The expectations of the cross-products are given in the Appendix.

Let us turn our attention to the conditions for stationarity of the log-variance deriv-
atives.

3.2 Conditions for stationarity of the log-variance derivatives

In this section we investigate under which conditions there is a stationary solution to
the log-variance derivatives, needed for the existence and the evaluation of the log-
likelihood derivatives, and hence in order to calculate the bias expressions of the QM-
LEs. The existence, stationarity and ergodicity of the second order derivatives of the
conditional variance are necessary so that the Taylor expansion of the first order deriv-
atives of the log-likelihood is validated.

Let the following:

1 1 1 1
Puahian = O+ ) gt 5 O+ ) (5= 30500 = il i,

1 1
+ (5 - 59%4 - 57 ‘Ztll) hi—100

1

1 2
+ <5 - 59%—1 - 57 |Zt—1|) hi-10hi-1;0,0-

In order to calculate the expected value of the above expression, we first assume that
E (k) ,E (hi,) and E (hyq.q) exist. Next, define:

1
A(z1) = 1 (Oz—1 + 7 |2e-1]) h?—m
1 1 1
+Z (Oz—1 + 7 |2-1]) <5 - 59%—1 - 57 |Zt—1|) hi—l;a
1 1
—+ <5 — 59%,1 — 57 |Zt1‘) htfl;a,aa
and
B2 (o) = (- L0z~ L)
Zt—1) = 5 Zt—1 27 Zt—1 .
Then,
ht;aht;aa = A (Zt_1> + B2 (Zt—l) ht—l;aht—l;a,a =
oo k—1
= A(z-1) + Z H B? (ze—1-i) A (ze1-k) -
k=1 i=0
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The infinite sum converges almost surely. To see this, let:

n k-1
Sn=A(z-1) + Z H B? (ze—1-4) A(Zt—1-k) -
k=1 i=0

Then we have:

k

I8 Gad) | ElAGe1w)] =

-1
=0

E(S)) = ElA(z1)]+ Y E

= EfA(z1)]

- k
> AE[B (10}
k=0 ]
Thus, E (lim, e Sn) = E[A(2-1)]{1 — E[B?(z_1-,)]} ' < oo, providing that
E[A(z-1)] < oco. In order to ensure the existence of a stationary solution to the eq.
(6), we should impose the condition that

’ |:B2 (thlfi)} | < 1.

In a similar manner, the rest stationarity conditions of all log-variance derivatives
and the products of them follow. Let us now proceed with the asymptotic expansions
of the QMLE:s.

3.3 Asymptotic Expansions of the QMLESs

There are relatively few papers that theoretically investigate the small sample proper-
ties of estimators in non-linear time series models due to the difficulty of the analy-
sis and the awkward expressions that one can end up with (e.g. Iglesias and Phillips
[14]). In particular, analytical work on bias and mean squared error of the estimators
in the general context of GARCH models has not received much attention in the liter-
ature, until Linton [17] calculated the formal Edgeworth distribution function for the
GARCH(1, 1) process.

Due to the difficult expressions for the bias of the estimators, Linton used numerical
integration in order to evaluate their magnitude. We make one step further and present
analytic results of the expected values of the log-likelihood derivatives needed in the
sequel in order to calculate the bias approximations. These expressions are presented
in such a form so that one may choose a specific distribution for the errors and end
up with the desired results. These theoretical outcomes can then be checked through
simulations in terms of accuracy and be compared with numeric derivatives.

The Edgeworth expansions have a long history in econometrics®. Taniguchi, [27],
developed the expansions for many time series models. The Edgeworth expansion in
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the likelihood context is derived through a specific method, which expands the score
functions of the log-likelihood in a power series in the likelihood derivatives about
the true parameter value and then inverts this expansion to yield an expansion for the

standardized estimator. Let @ be an estimator of 8 and
0—n (5 _ 9)

The Edgeworth expansion of 6, with an error of O (1), is given by

P@<m=o(3)-o () [wen (%)% (?)T

where¢(z):\/%—wexp< Z;>and<I> =[" ¢(z

That is, as we express v/T' (5 — 6 ) as a function of the first and second order deriv-

atives of the log-likelihood, standardised appropriately and evaluated at the true para-
meter values, we are then able to calculate the approximate Edgeworth distribution.

Let 3 = (01,03, 03, 04,05) =
\/_<ﬁ 5) ) Consider

the Taylor expansion for faa , where » = (ﬁ, a,0,7, B) around the true value

0 = (1, a,0,7,5) as

1 00 10%(yp) 2L () -
0= + = Z ek 2T3/2Z 0,0,

T 8«9 00,00, a0, 89l80k
where j = 1,...,5 and \} 90,7 098259 are evaluated at the true values and —39 56,50, 18

evaluated at an 1ntermed1ate p01nt say ©*, between the estimates and the true values.
The above expression can be written as

1ol < _ -
0 = —=+ Az 1010 @) T_l
\/TOGJ ;( j+\/_> 2\/_2 KVily + P( )

= fj(@v)+0,(T"), j=1,..5
s 1 (58 Ko - )

90,00, 96,00,00y, )°
1 (0% (p)
L _TA..
Wi VT (aejaei ”) ’
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for 4,5,k = 1,...,5. Let us define a vector v containing the non-zero elements of

\%gj and w;;, for 1,7 = 1,....,5. Solving for gj, and j = 1,...,5, as continuously
differentiable functions of v, gives:
P
— 00; (0) 9%0; (0)
6, = L, — U, O, (T
i (V) g v, Vot g 2 az=:1 0V, 0vy, Valh p( )
q .
= Zeg)va Z e, Uavb + 0, (T7)
a=1 ab 1
where e/ = agi (ao) , eg,) =vT %, and q 1s the dimension of the vector v.

Now the derivatives can be found by solving the following system of equations, for
j,k=1,...,5anda,b,c=1,...,q:

ov,

5
95 (0,0) d*f; (0, 0)
0 — l) i\ e(k)—i— J
Z( ; MO ot ) Z 00,00 o’

k=1 k=1

1 (k)
=3 Ayel
\/T ; J b

The expected values of all the elements of the vector v, together with the derivatives
€as €ab» are then used in order to calculate appropriately the polynomial coefficients ¢,
in the Edgeworth expansion. Let us turn our attention to the theoretical bias approxi-
mations of the QMLEs.

5
0 — ZAjkeg’“>+M,
k=1

3.4 Bias Approximations

In this section we develop the bias approximations for the QMLESs, under two dif-
ferent considerations. We distinguish between the case when the mean parameter is
known, hence not estimated, and the case when this parameter is unknown and should
be estimated with the other parameters of the model. One of the main advantages of
developing the bias expressions is to use them as a bias correction mechanism. This is
one of the practical applications of the bias approximations. A bias reduction is only
possible in the case we are familiar with the exact bias expressions. Moreover, these
results help to analyse the consequences of introducing restrictions in the log-variance
parameters. With these expressions, one can compute the Edgeworth approximate dis-
tribution. It is important to explore the theoretical properties of the estimators so that
the statistical inference is possible.
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We use a McCullagh [20] result for the standardized estimator having a stochastic
expansion, see in [20] p.209, and taking expectations we end up with the asymptotic
bias of the QML estimator. Our next step is to check our bias approximations through
simulation. Note that McCullagh’s expansion has already been applied in the literature
to retrieve the bias in many nonlinear models, such as Linton [17]. When dealing with
nonlinear models, it is very common to have the bias expressions in terms of expecta-
tions and applying these expressions for bias correction. At this point, it is important
to state briefly the main differences between our analysis and that of Linton. First
of all, we generalize the finite-sample analysis of heteroskedastic time series models
considering a non-symmetric distribution of the errors. Furthermore, we show that the
block-diagonality of the information matrix does not hold in our case, which means
that there are new terms in the bias expressions of the estimators.

Assumption 3.4.1 We assume that the errors have third and fourth order cumu-
lants, denoted by k3 and k4, respectively, where the latter is given by:

/14:E(z4—3).

We further assume that the errors have bounded J th moments, for some J > 6,
so that the bias expressions exist.

Under the above assumptions, we are now able to present our Theorem which is use-
ful for the evaluation of the bias approximations of all estimators and also to construct
the Edgeworth expansions in this setting.

Theorem 3.4.1 Given that z; ~ iid(0,1) and non-symmetric, and for i, j, k €
{p, v, 0,7, B} unless the parameter 11 is used seperately to underline the differ-
ence, the following moments of the log-likelihood derivatives converge to finit
limits as T' — oo:

cij = 7E (L) = —37i;,
Cijk = 7B (Lij) = =% (Tijk + Tikg + Tiki — Tigik) »

ik = 7B (LijLy) = =5 [T5; — (ka+2) (Tije — Tigw)] 5
Cup = %E (Lup) = — (7“‘ %) ;

Cipp = %E (Lipp) =70 — % (Tiun + 2T iy — T »

Cpppp = %E (L) = _% (37##,# - Ti) + 37,

477 — (kg 4+ 2) (Tipp — Tipn)
R . - _1 i ity (NTAT:
Cipp = 78 (LipLly) 4 { Tt QTff; + 2k3 (QTZM - T?M) ’

Cing = 7B (LinL;) = =5 {= (ke +2) (Tipg — Tijp) + 755, + 263705}

15



Cupi = 7E (LupLs) —4—11 (ks +2) (Tupi — Tippu) + 757 T 4537?#} )
2z zh
) _ 1 (kg +2) (Tijp — 7'@]#)4-7'“”—'—27'
i = 78 (Lyl) = =5 { oy (27 ’

87, — (ka +2) (7 -7 )

=1 —_1 J JTATRY
Cupp = 7E (LopLly) 1 { +T2, + 27—Zh + 2k3 (37- TZu ’
where i = 23y B (hei) s Tig = %24y B (i) s i = >0y B (hasishi)

and 75y = 7 34y B (huhishig).
also, 7= £ S0 B (1), and w5 = £ 500 B (k)
while 75y = £35S (22 = 1) hoihuihs] 785 = $ 5 S8 (zsfh“ht]> ,

s<t
T

Proof. Given in the Appendix. W

The basic approach to finding bias approximations requires that we find expres-
sions for the ¢¥, cijr and cji . Let us first condider the case when the mean parameter
is known and not estimated. With techniques of McCullagh [20], the standardized es-
timators, derived from choosing 6 to solve £; (0, ) = 0, for i € {a, 0, ~, 3}, have the
following stochastic expansions*:

T
(7)

—~ . 1
VT {91- — 0, } —c”Z + — {c”cklekZl — C”cklcmncﬂnZkZm/Q} +Op <—

where
Z;=T72L;
and
Zy. =T {Lj — E(Lyy,)}
are evaluated at the true parameters and are Jomtly asymptotically normal. Raising
pairs of indices signifies inversion, i.e. ¢7 = (¢;;) ™"
Taking expectations of the right-hand side in eq. (7), we get:

B [V {0 = 0] ~ =i {ejua + e (s +2) 13},

where ¢ is the 5 x 1 parameter vector. If k4 = 0, QM L equals M L and then the above
formula equals the one of Cox and Snell (1968), i.e.:
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V7 {3 —0)] = Zroe {our+ jou

Let us now consider the other case, when the mean parameter is unknown and esti-
mated with the other parameters. Hence, if we incorporate the effects of estimating ,
the stochastic expansions take the following form:

VT {67Z (1) — Gi}—ﬁ {97 (n) — } \/_ {AMZ 2y — M 1 Zp L 2}
where now i, j, k,l € {«,6,~, 5, u}. Taking expectations of the right-hand side, we
find the asymptotic bias of the estimators in this case.

In terms of the mean squared error, from eq. (7) we have up to Op (%)

B VT {8 - 0}] ~ o (n+2) 2 ®)

which is the asymptotic variance. If we let the remainder to be of O (T*S/ 2) , then the
mean squared error is again evaluated by eq. (8), with the difference now that there
would be added terms of O (T~!). Of course, as T — oo, the mean squared error
approaches the asymptotic variance.

4 Conclusions

Gaussian quasi-maximum likelihood estimation is a popular method which is widely
used for inference in time series models. In this paper we study the asymptotic proper-
ties of the QMLEs in the EGARCH(1, 1) model of Nelson. The interest of establishing
these theoretical properties has been growing but it remains a problem that awaits for
an answer. In the current context, we present analytic derivatives both of the log-
likelihood and the log-variance functions and also their expected values. We further
develop theoretical bias approximations for the QMLEs of the parameters and we find
conditions for stationarity of the log-variance derivatives. The theoretical results in this
paper can be used to bias-correct the QMLEs in practice directly. In small or moderate-
sized samples, a bias correction could be appreciable and it is helpful to have a rough
estimate of its size.

The next steps in our research are to check the whole theoretical results through
simulations and then examine the sensitivity of the bias approximations to different as-
sumptions on the variance parameters. An interesting topic would be the investigation
of necessary and sufficient conditions for the existence and validity of the Edgeworth
approximations in this context. These issues are ongoing research.
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Notes

The validity of the Edgeworth expansions in the GARCH model is established in the paper of
Corradi and Iglesias, [7].

%In a recent paper, Zaffaroni [3 1] estimates the EGARCH parameters with Whittle methods and the
asymptotic distribution theory of these estimators is established.

3For an excellent review on the asymptotic expansion of the Edgeworth type, the reader is refered to
Rothenberg, [24].

“We make use of the summation convention, that is: ¢/ Z; = Y ¢ Z;.
J
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Appendix A. Proof of the unconditional variance

We write the variance equation as follows:

In(hy) =" +0 Zﬁiztflfi + 252 (|zt—1—i| = E'|z—1-4])
i=0 i=0

where o* = ﬁ Taking the expectation of the exponential of In (h;) we have:

FEexp(Inh;) = exp( *) Eexp [ZSOO (Qﬁizt 1—i + 8 (|2i-1-i| — E |Zt—1—z“))} =

—exp EHGXP 95 Zt—1— z+’}’5 (’Zt 1— z’ E’thlfi’)] =

1=0
— exp (a HEexp 08 21— + 7B (|21-1-i| — Elz-1-4])]
=0
Now,
H Eexp (0821 + 70" (|21 — Elz14])] =
=0

= HGXP (—WE |Zt—1—i| 51) Eexp [Qﬁizt—l—i + 75i |Zt—1—i|] =
i=0

:exp( 7E|z>HEexp Hﬂzt 1— z+76 |Zt 1— ,H

1=0
k1 =00
i i ro = 7' 1,2
Eexp [08'2 + 75" |2]] = Eexp [k1z + ko |2|] = Wf exp (k12 + ko |2 — 12%) dz =
= L [ exp (=1 (=2(r1 — 2) 2+ 2 £ (k1 — K2)°)) dz
—i—\/%—ﬂ Jo exp (=3 (=2 (k1 + k2) 2 + 22 £ (k1 + R2)2)) dz =
= 7o S exp (=3 (=2 (k1 — k2) 2 + 22 £ (81 — K2)7)) dz
—l—\/%foooexp( %( (k1 + K2) 2 + 22 + (K1 + ko) ))dz:
1

2
A= [lexp (=3 (2 — (51— 2))%) dz

= exp ((Hl 2"{2)2)
2

—i—eXp ((m—';m) > % fi)oo exp (—% (Z — (/{1 + lig))z) dy —

— eXp ((51_2“{2)2) %ﬂ— f:o(:jl_HQ) ex p ( ) du_'_exp (m) f (51+H2) p (—%'U/2) dru/ _
2

o <(K1—;z) ) ® (— (k1 — K2)) +exp (—“WQ) ) (1 —®(— (k1 +K2))) =
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:eXp< - )@( (lil—/ig))—l—exp(M)(I)(m—l—/@):

:exp(ﬁm(ze) (B" (v - 9)—|—exp<5227—+9)><1>(6i(7+9))
=exp(A) P (—=B) +exp(I) @ (9)

where I' = BM(WTJ“G),A 321(7— A= (y+6)and B= " (y—0),and & (-)
1s the cumulative distribution functlon of the standard normal distribution.
Therefore,

o) 62i(7—9)2 t
—~E exp (B (v —0)
FEexp(qlnh;)) = exp (u) < 2 > ( )
1=0

1-8 +exp () @ (8 (v +9))
= e () [ (0 () @ (-5) +exp () @ (4))
= b, -
where U = 2 17_? | m

Appendix B. Expected values of the log-likelihood derivatives

The expected values of all first order derivatives are equal to zero.
Second order derivatives:

Fori,j € {a, 0,7, 3},

T
E(Ew) - _§E(htzhtj)
T
E(Ly) = _EE(ht#htJ)
1 T
E(£uu> = TE|\—-|-5& (hf“)
hy 2
Third order derivatives:
Fori € {a,0,7,5},
T

E (L) = -5E (3husiheii — hiy)
for ¢ - {a,9777ﬁ}7j € {a70777ﬁ7:u}7

T
E(Liij) = =5 E (hehusis = hihesg + 2huihei ;)
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forl7j e {@,9,7,6},]?6 {a70777/87/’l’}7

T
E(Lijr) = _EE (hisjheig + Peghei g + heihe e — hejheibeg, )

fori € {a,0,v,8},75 € {u},

T 1
E(Lij;) = —5E (huihegs + 2heghei; — he (heg)?) + TE <h—thtn’> :

for j € {u},

T 1
E(Ljjj) = =5 B (3huhujg — hiy) + TE <3h—thtu’) :

In this Appendix we make a list of the results that are needed for the bias approx-
imations. Please note that the last Appendix should be studied first in order to be
familiarized with the symbols used.

First, provided that 3% + 16° + 17* — v8E |2| 4+ $07E (z|2])| < 1, the expected
values of all second order derivatives are:

T 14+2(B—17E|2|) Ea
I E(Lan) = =3 1-(B2+46%+ 577 —BE|2|+10vE(2]2)))
E(in(hi—1))+(B—37E|2|) LE,a+(B—37E|2|) By
1-(B24302+ 372 —BE|2|+ 5 0vE(2]2]))
1 2
_ T —3[BGlD 4+ (1-E2|2]) | Bia
3. E(Lay) = =3 1- (824502 + 572 —BElz|+310E(2]2)) )
—3[0+7E (2|2 Eia

2.E(Lap) =—1

__T
5. E(Lua) = o~ OrEDB( )+ (8- 3Bl ) Bt (5 Blz)+1BENE_y Ba
ey 2 1—<B2+i02+i72—75E|z|+%fygE(zM))
2 1 '
6. E (L) = — L2t +2(5 i) L

—(82+162+142—1BElz|+310E(=|2)))
B—37E|2]) LB, — 3 [0B(z|2)+~(1-E?|z]) | By
1= (B2 +16%+ 172 —BE2[+ 140E(2]2)) )

1 1
_ _T 75[9+'YE(Z|Z|)}E;,3+(B*§’YE|Z\)LE;9
8. B (Loo) = =3 (30 1T 0B GIe))
_(0+ny‘I)LE_%+[0('yE|z|—B)—5'yEI]E_%E;B+(ﬁ_%7E|Z|)LE;#

1-(B24402+ 572 —1BE|2|+ 310E(2]2]))

10E (‘C’Y’Y) = _% 1= F)e]

1— (824307 + 472 —1BE|zl+310 B (=) )

7B (Ls) = L1

9. E(Lsy) = _%
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7 B(z2)
NE (Loy) = =3 1= (B 202+ 172 B[+ 110E(:1)))

By B( 35 )~ (0B 4+ (1-B2|2))| Byu— (08— Bl +18EDE_y By

_ T
12E (Lyn) = —3 1—(B2+ 102+ 172 —1BE|2|+310E(2|2]))
__T 1
13E (Loo) = =3 1—(83+10°+ 1> —BEI=|+370E (:12)))
—L(O+1E G121 Ehesa)—vEI2|E (2 ) +0(y Izl —6) By ENE_y F,
14E (L) = —2 2 ) 1B IB (G5 )+ s

1= (B3+30°+ 572 =B B2l + 3705 (2]2)))

(e%%wwmﬂ(—#) ~2(6(8—7E|z))+1BEDE_y By
_ 1\ _ T hi—1 2
ISE (L) = —TE (h) 2 1 (B> + 30>+ 172 —1BEzl+ 5710 (2l2))) -

Second, the expected values of the third order derivatives are:

1. E(Lona) = _ZE (3 (htaPto0) — h3 )

2. E(Loas) = —LE (highian — hmhtﬁ + 2hisahia,p)

3. E (Loay) = =T E (i hiae — hiahusy + 2hiahya,y)

4. E (Loas) = —TF (hphtsaa Zahto + 2hohy, 0)

5.E(Luna) = —% (hm oty + 2 (hiahipa) — ht;ah’t;u)

6. E (Lppa) = —E (hisahip,s + 2hiphis.a — hiahls)

7. E(Lapy) = EE (highizay + hiyhias + hiahegy — highiahey)
8. E (Laps) = —LE (hiyghisas + hiahipo + huohias — hualishee)
9. E(L,pa) = 5E (ht:ahipp + higali, + heghipa — heaheghe,)
10E (L50) = %E (hisahupp + hisgahiey + Peghiue — hiaheghe,)
11E (Loyy) = %E (ht altiyy + 2R N~ ht.ahz. )

12E (Loyg) = %E (htohtsay + hiyhiao + hialiqyo — Prahiy i)
BE (‘Caw) - —%E (ht;ahtmu - ht;ahtwht;u + ht;%aht;u + htwht;a,u)
14E (Logg) = —%E (hmht;gﬁ + 2hy0hi00 — ht;ahi(,)

15E (Lagy) = =5 E (htaheo — huahuohe, + hig.ahiy + heohia)
l6E (ﬁauu) = —%E (ht;aht;mu + th;uht;mu - ht;a (ht;u)2) +TE (h%ht;a>
17E (Lpgs) = —FE (Bhushess — Ehiy)

185 (EBBV) = %E (th;ﬁht;%fi + iy g g — h?;ﬁht;'y)

19E (Lsgo) = —5E (2heshuo s + huohes,s — higheo)

24



20E (Lgp) = —75 (2E (hughepp) + E (hegisheu) — E (B ghe) )
21E(£Bw) = %E (ht/@htvv‘{'th'yhtﬁv ht'ﬁh~ )

22E (Lpy0) = =5 E (huphipyy + hiyhipo + highiqo — Pughiyhio)
23E (Lpyu) = =5 B (hipheyn — hegheyhu + higy sl + b s )
24E (Lsgg) = — % E (hyphuop + 2hiohise — hughly)

25E (Loop) = — L F (husphip — haghaoheg + hio shug + hrohis )
26E LM) = —TE (hughugpp + 2huphigs — hup (hi)?) + TE (hitht;ﬁ)
27E (L) = —LE (3 (hnyhiy ) — (2.))

28E (L) = — LT E (hisphusy + 2y, Vht .0 — hihio)

29E (‘wa> %E (2ht vht Vb ht'u + ht'7 vht'u)

30E (L) = =5 E (humhipo + 2heohesyo — hiyhiy)

31E (Ly0,) = —ZE (hisyhisg . — hihisohay + B s i + hisphisy )
32F (‘Cwu) %E (h htuu + 2htuht7u htwhg ) +TE (h_tht§7>
33E (Looy) = —5E (2huohuon — highuy + huoohey)

34E (Lop) = =L E (huohigp + 2huhig, — high?,) + TE (hitht;g)
3SE (L) = ~ 5B (el — ) + TE (31 hyy, ) .

Appendix C. Expected values of the log-variance derivatives

In the current Appendix, we present some of the results for the expected values of
the log-variance derivatives and more specifically those that are needed for the evalua-
tion of some of the expected values of the third order log-likelihood derivatives of the
previous Appendix, that is:

Assuming first | 3% + 16° +
3% + 386> — L6°E23 — 3y (B°E 2]
1, we have:

1. E (ht;aht;a,a> -

172 = VBE |z + $70E (z]2])| < 1 and
— BOE (z|2]) + 10°E|2[*) + 342 (8 —

IVEIZ| B 2+ (1BVEIzl— §72— 5§02~ 10vE(2|2))) B 3+(B— 37Elz| ) Bia.a
1—(B2+16%+ 192 —BE|2|+ 110E(2]2)))

143(B—37Elz|) Exa+3(82+ 502+ 172 —VBE|2|+310E(2|2]) ) B, 2

%0Ez3) — %’y

3 —
2.E (ht3a) o 17[ﬁ3+%[3927%93Ez37%7(62E|z\fBGE(z|z\)+%92E|z|3)+%72(Bf%BEz:’)fé'y?’ELz\?’]
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IVEIZILE 2 +(82+ 502+ 372 —yBE|2|+ 390E(2l2))) B 2 5+ (B—37EI2|) LEiaa
1- (824102 + 142 —BE|2|+ $10E(2]2)) )
Eia+(B=37El2|) B, 2+ 1VEI2| Biaip+( 1 BVE|2|— 372 = §0° — $0vE(2|20) ) B, 2,5+ (B—37EI2| ) Eia
1-(B2+50%+ 372 —VBE|z|+ 370E(2]2)) )
1B+ (1—E|2))E )2 — 3 [0E(2|2)+y(1—E|2)] Bia,a+( 1 8YE|2| - 42— 202 = 10vE(212)) ) B, 2.,
1-(B24302+ 372 —BE|2|+310E(2]2]))
HOHVEGI2)E 2~ 3 0FVE (12D By 0+ (3 B7EI2l— §72— 202 10vE(212))) B 2,
1-(B2+302+ 142 —1BE|2|+310E(2|2]) )
—[04+7E(2|2)| Eiat(370E|2° ~08+ 1 (02 +12) Ez* — By E(212))) B, 2 +2( B2+ 502+ 172 —VBE|2|+ 390 E(2]2))) Biae
1— [63+%B6‘27§93Ez37%'y(ﬂzEM769E(2|z\)+i6’2E|z|3)+%72 (Bf%OEz3)f%73E|z\3]
IVEI2|Buaso+ (B—37EI2|) Bia o+ 047E (2120) B o 2 +( 1 BVE 2|~ 72— §62 = 107 E(2120) ) E 02,
1— (824102 + 142 —BE|2[+ 110 E(2]2)) )
i’)’E|Z‘E(;B)2 +2E;B+(5*%7E|Z‘)E;B,ﬁ+2(ﬁf%7E|Z‘)E;a;5+(i5’y‘zt71 |7%727%ngio'yE(Z‘ZD)E;a(;ﬂﬂ
1— (B2 4402+ 172 —1BE|2|+310E(2|2]))

LE;a+(B—37VE|2]) Biayp+ 1YV EIZILE 0,5+ (5 B8712e—1| - 372~ 32— J07E(2120) ) E,, g 2+(B—3VE|2| ) LE;a 5

[98)

B (ht;ﬁht;ma) =

4. F (ht;aht;aﬁ) =

9

- E (htwht;a,a) =

6. E (ht;Hht;a,a) -

~

B (hiaht;g) =

8. E (ht;aht;aﬂ) -

9. E (ht;aht;ﬂ,ﬁ) -

1 ghy. =
0F (;sh,5) 1-(82+ 162+ 142 —BE|z|+ 540E(2|2]) )
1 1 1 1 1 1 1 1 1
llE (ht.ﬁht.a ) — _§E|Z‘LE50¢+Z’YE‘zlLE;OG’Y_'_(ﬂ_E’YEIZ')LEQOQ’Y_?(ﬁElZ‘_EGE(leD:i’Y)E;C!E;ﬂ—"_Z(B"/E‘zl_572_502_9’7E(zlz|))E;a;5;
Py 1— (824402 + 172 —VBE|2|+310E(2|2]))
12 (hyshug) = IVE|2|LE. a0+ (B—37E|2|) LE o 045 (0+VE(2|2))) Eiasp+ 5 (BYE|2|— 372 = $02—40E(2|2))) Esas:0
t; tio,0) —
81050, 1= (B2 + 102+ 192 BE|2|+110E(2]2)))
13E (huahess) = 1VE|2 E.gi0+(B—37E|2]) B o+ (B—37E|2|) Baso+ 5 (0+VE(2|20)) Baspt+ 5 (BYEl2|— 372 = 02 —70E(2|2)) Eras:0
t;allt; 8,0 1_(,32-}-%02-&-%72—7,8E\z|+%79E(Z\Z|))
14E (hyoh ) = $(0+7E(2]2))) Biai— 5 (0+7E(2120)) Bia s+ (B— 3VE|2|) Biaso+( 3 BYE|2|— §0%— 372 — 390B(2]2)) ) Biay 0
507 0,8 1-(82+ 162+ 142 —BE|z|+ 310E(2lz]) )
15E (heahin ) — IVEIIE 2 +(B=3VE|2]) Biy oy — (BE|2|— 37— 30E(2|2))) Biasy + § (BYE|2|— 372 = 36 —10E(2|2]) ) E, . 2
Balt Y,y 1—(82+36%+ 192 —BE|z|+ 310 E(z(2]))
165 (hyohies o) = —L(BE|2|-10E(2|2))~ 37) B+ (0+7E(2l2])) Eary + 1 (B1E| 2|~ 397~ 162 —10E(2]2))) B0
tial Uiy 0 1-(B2+ 102+ 142 BE|2|+ 310 E(zl2)))
17E (hahig s) — IVEIZ|E g2 +(B—3VE|2|) Eig,0+ 5 (0+7E(2|20)) Eiaso+§ (BYE|2|— 372~ 302 —10E(2|21) ) E,, 62
tia%4;6,0 1-(82+10+ 242 —BE|2|+110E(z]2)) )
18E (hightag) = 7%E§a+i(9+’7E(z|z‘))E;a;07%('9+'YE(Z|Z|))E;D¢,0+%(9+7E(Z‘Z|))E;a;9+i(BVEl‘Z'*%’727%927’70E(z‘z|))E;a(;9)2
t;07t;00,0 1—(,32-5-%924-i72—75E|Z\+%’79E(2’|Z|))
19 (hy.ghus.s) = TVBI|LE g2 +2L B+ (8= 57B|2|) LEyp 5+ 2(8—37BI2) B gyo+ 3 (BYBI2| =377~ 30°10B(12)) By
LATLA.B 1—(82+ 102+ 142 —BE|z|+ 5+40E(|]) )
208 () - L343~ 4vE|2| ) L2 E,p+3(62+ 10>+ 12 —BE|2|+ 310 (22)) ) LE, 42
&6 1-[83+302— 203 B23— 3~ (B2 Bl2| - BOE(2|2))+ 1 02 E|2* )+ 342 (B— 3 0E23 ) — 143 B| 2|

26



1O0+VE(:I2D)E 52— 5 (047E(212D) B 5+ 5 (BYEl2| = 372~ 30° —70E(2|2)) ) E 52,4 +2(B—37EI2| ) B0

21F (ht;eht;ﬁ,ﬁ) = 1_(52-1-i02+i72—’75E|2|+%WGE(zlz\))

22F (hyghuge) = IVEIZILE g2 +(B—37E|2l) LE; 0+ 5 (0-+7E(212))) B0+ 5 (BYEI2|— 372 = 30° —10E(212)) ) E g )2
T 1- (824102 + 142 —BE|2|+ $10E(2]2)) )

23 (h3,) = (El=*~3E|21+2E2|2])+3[(16°+17?) (El=*~El2|) —yB(1—B|2|) ~ BOE(z|2))+ §~40(E=* ~ El2| E(=l2))) | E 2
7 1-[3%+386%— 16° B23— 3 (B2 E|2|—BOB (2]2)+ 102 E|2[* ) + 242 (8- L0E23 ) - 13 B2

LOHVEGI2) E 2~ HO+7E(2120) Bry o+ 3 (BYE2|— 472~ 162 —0B(=12])) B2

245 (ht;eht;’yﬁ) == 1_(52-"i92+i’72—76E|Z\+%79E(Z\ZI))
25F (h h ) = i(e—i_’yE(zlZl))E(;’Y)Q+%(6’YE|Z‘_%’72_%92_’YQE(ZM))E(;’Y)2;9
iy tsy,0 1—(52+%‘92+i72—’75E|Z|+%79E(z|z\))
3_ 1 3_ 1(p2 .2 3_
26E (h2. hm) _ Ez 21E|ZIE(ZIZ\)+[9(27E\Z| ﬁ)+4(10 + )BEZ 3 ﬁ'yE(z\lzD]E(w)Ql 3
Ly 17['B3+%502*§03E237%’7(52E‘ |—BOE(z|z |)+102E|Z‘ ) 172(6*§0E23)*§’73E‘Z| ]

0BG+ (1-E2|2])] B )2 — Q[eE( |Z\)+v(1 E?|2|)| B0+ (BYElz|— 372 =302 —0E(2|2]) ) B, )2
1—(B2+ 102+ 1742 —vBE|2|+310E(2|2]))
—3(BEI2|-30E(=12) - 37) E g2+ 5 (BYE|2| = 392 — 302 —10E(2|2]) ) E_ )2
1-(B2+50%+ 372 —VBE|2|+ 370E(2]2)))
E\zr" Blz|+[(50%+172) (El2*—El2|)—7B(1—E?|2|) - B0E(z |z\>+270(Ez3—E|z|E<z|z\>)]EW
1-[8°+380%— $0° E23— 54(B2E|2| - BOE(2|2])+ 3 02B|2* )+ 342 (8- $0E23) — 313 B2

21 (htwhtﬂﬁ) =

28E (ht;ght;%g) -

29E (b, h2,) = .

The whole results are available on demand from the corresponding author.

Appendix D. Expected values of cross products of the
log-likelihood derivatives

In this Appendix, we present the expected values of cross-products of the log-likelihood
derivatives. To conserve Tace, we present only some indicative. That is,

1. :lrE (Eaﬁtm) = _zl,L Z ZE [(ZE - 1) hS;aht;aht;a] - (“4 + 2) Zf:l E (ht;aht;ma - h?;a)

s<t

s KB eat) — -3 | A = D bl = (54 2) 2, B (s = b
I 2y ZtT_lE( 1 )
3. LE(LLyy) = — | 238 5~ Dol TWH E (hahiyys — hiahi,) |
i ks Y1 B (e htahw) |
L 1 - Zs<tZE [(252 B l)hswh?- } (ka +2) Zt 1 (htuhtaa ht;uh?;a) ]
4 LE(L,Los) = —1 125 5F <z i ) oy ST (%;7 n - htw>
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[ Z ZE [(z? - 1) hsmht;aht;u] - (’i4 + 2) Zthl E (ht;uht;a,# - ht;ah?;u)

s<t

5. %E (ﬁuﬁau) - _411 +22<;E (Zs\/%ht;aht;u> + 2#3 Zf=1 B (\/L;Ttht;aht;u - \/thht;a,u)
A B (L ha)

Z ZE [(7552 - 1) hS;uth;u] - (”4 + 2) 23:1 E (ht;uht;mu - h?;,u)

s<t

6. E(LuLy) =~} | +2LF (20t ) + 200 S B (2, — i)
+8 Z?:l L (hitht;u>

At this point, we should note that these results differ from those in the paper of
Linton [17], due to the fact that we assume non-symmetric distribution of the errors and
also none of these expressions are zero, since the block-diagonality of the information
matrix in our case that we study the EGARCH(1, 1) model does not hold.

Analytic proof of the first result is given as follows:

1 < RS 1
Eaﬁaa = 5 Z (zt2 - 1) ht;a (§ (th o 1) ht;a,a ) Z Zt2 (ht;a)2>

t=1 t=1 2 t=1
1z T 1 L T
= D (=D hea ) (& = D) han— 7 D (5 = 1) hea ) 2703,
t=1 t=1 t=1 t=1
1z , 1z T
_ ZZ (22 = 1) hizahtan + ZZ (2= 1) hea > (22— 1) hgaa
t=1 t=1 s=t+1
1 I t—1
—i—Z Z (zf — 1) ht.o (252 — 1) Rsio0
t=1 s=1
1z 1 L T 1 I t—1
—— Z (,zt2 — 1) thf;a - = Z (zf — 1) N0 Z thia - = Z (th — 1) Do Z zghia
4 t=1 4 t=1 s=t+1 4 t=1 s=1
Hence
E(LoLoa) = W [E (htahtan) — E (hf;a” _iEZ Z (Zg - 1) thh?;ahS;av
s<t
where

hio = 1+(5 - %ta—l — %’7 |2’t—1|) hi—1,, and h?;a =142 (ﬁ - %92’1&—1 — %7 |Zt—1|) hi—1;0+
2
(5 - %9%4 - %’Y |Zt71‘> ht{l;a-
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Let
higrye = 1+(ﬁ — %92t+k—1 — %’Y |Zt+k:—1|) hiyr—1;0 and ht2+k;a = 1+2 (5 - %92t+k—1 — %’Y |2’t+k—1|) hisr—1;0+

2
(6 — %92’t+k—1 - %’Y ’Zt+k—1’) h§+k—1;a'
Hence,

E [<er2 —1) h?+k;;aht;a] =
=FE [(Zf -1) |:ht;a +2(8 = 2020001 — 37 210-1]) Peb-t0hta + (B — 3020401 — 37 |zt+k—1|)2 thrk,l;aht;aH :
k

=! 2 (5 - %'YE |Z|) E (Zt2 - 1) ht+k—1;aht;a+[62 + 411 (62 + ’72) — BvE |Z| + %Q'VE( | m ( - )h?ﬂc 1; aht .
E=1:E[(22 = )R ohua] = B |(22 = 1) [hea +2 (8 = 302 — by 1al) By + (8 302 — Sv1a)" 1] | =

= 2B (5 1) (8= 302 — 1y |al)] ER3,+E (2= 1) (8 = 302 — Sv1a))’] BR,
Hence,

1 1 1 1 b2
B~ 1) Rowabia) 22 (8= 398181 ) [-3082 - 50 (B 1 = B L) (8- 3o81el)

1
|8+ 7 (6°+97) = BYE |2 + 59715 (= |z|>} E (% = 1) b i 10hia

Set: A =2(8—3yE|z|) [-20E2® — 1y (E|z]> — E|2|)] ER?, and C' = 5* +
1(0° +72) = BYE 2| + 30vE (2 |2]).

We have that: E [(22 — 1) B2, hua] "2 A (8 = WE |2]) THCE (22 — 1) 2y ohisa
By repeating substitution, £ [(27 — 1) h?, ;.. hu;a] =y [(6 — vE |Z|)ki2 +C(B—37E |z|)k*3 +..+ C’“*Q]

FOFVE (22 — 1) 2, B
This formula can be written as:

k1 (g 1o\t
E [(2,52 _ 1) hf_,_k;aht;a] k;l AC (B 57E| ‘) + Ck—lE( 1) h’t—H ahta

Cc—(B-L1vEl2)
Consequently,
Bl 1) i) "2 A2 Jilﬁ%
+CHL 2B [(F = 1) (8= 302 — 1 1al)] BB, + B (2 = 1) (8 = 107 — $v120)°| Eni,| m

Appendix E. Proof of the Theorem

The proof comes immediately from the results of Appendix B and Appendix D. &
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Appendix F. The log-variance derivatives

In this Appendix we present the expressions of the log-variance derivatives, in a form
useful to explore their properties.

1 1
ht;a =1+ (6 - 59'215—1 - 5")/ |Zt—1’) ht—l;a

1 1 1 1
ht;a,a - (Zezt—l + 1’7 |Zt—1|) h?—l;a + <6 - 50215—1 - 5’7 |Zt—1|) ht—l;a,a
1

ht;a,ﬂ = ht—l;oz+ <4

1 1 1
021 + 17 |Zt—1|) ht—l;aht—1;ﬁ+(5 - 59215—1 - 57 |Zt—1|) hi—1;0.8

1 1 1 1 1
Niyoy = 3 |2e-1] P10+ (192}—1 + 17 |Zt—1|> Pi—1.0le—1,4+ (5 — 592&—1 - 57 |Zt—1|> P10

1 1 1 1 1
Nt,a0 = _ézt—lht—l;a"i‘ (Zezt—l + 17 |Zt—1|> hi—1.0hi—1.0+ (5 - 59%—1 - 57 |Zt—1|) hi—1,00

1 1 1
5 (0 + [ (z—150) — I (z1—1<0)]) Thtfl;a + 1 (Oze-1 + v |2-1]) he—r,0le—15
t—1

1 1
+ (ﬁ - 5921571 - 5’7 |Zt1‘) htfl?avl‘

ht;a,u

1 1
hes =1In(hy_1) + (5 — 5921571 —37 ‘Zt1|> hi—1,8
1 1 ) 1 1
hips = Z@zt,l + 17 |2l ) By +2haip + (B = 59%4 — 57 |ze-1] ) he-1,8,

1 1 1 1
higy = ht,m—ﬁ 7 ht—l;ﬁ+1 (Ozi-1 + v ]ze1]) Pe—1,8he14+ (5 - 59%4 —37 \Ztﬂ) ht—1,5.4

1 1 1 1
higo = ht—1;9—52‘15—1ht—1;5+;L (021 + v |21-1]) ht—1;,3ht—1;9+<5 - 59215—1 — 37 |Zt—1|) hi—1.80
1 1 1
higp = hi—ru+ 3 0+ (2e-120) — I (20-1<0)]) \/ﬁht—l;ﬁ +t1 (Oze-1 + v |ze-1]) Pe—1;8he-1:

1 1
+ (5 — 59%_1 - 57 |Zt—1|> hi18.5

1 1
hiy = g (2-1) + <ﬁ — §€Zt_1 — 37 |zt_1|) hi—1.
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1 1
Peyry = = |2e—1] hu— 17"‘4 (0zt—1 + v |20 1|> t—1yT (5 - —ta—l - 57 |zt—1|) M-ty
hma = —3 |Zt 1| Iy 10—5 r—1hy— 1,y+4 (92t 1+ |Zt 1|) hy— mht 1o+ (5 - —92t 1= —7 |Zt 1|) ht—m,e
1 1 1
My = — [ (2t-120) = 1 (2t-1<0)] ——= + 3 (0 + 7 (z-120) — I (2t-1<0)]) Tht—m
t—1 t—1
1 1 1 1
—3 |ze-1] Pio1p + 1 (0201 + 7 |ze1]) Pe—1yhe—1y + (5 - 59215—1 — 37 |Zt—1|> P15,
1 1
hio = ze-1 + (5 - —92’1:—1 — 57 |21 hi—1.9
hig0 = —2ze—1hi— 19+4 (Oze-1 + 7 2e-1]) By 19+ (5 - —92t 1 — —7 |21 1|> hi—1,0.0
1 1 1
ht;@,u = 9 + U (%—120) -1 (Zt—1<0)]) —ht—1;9 = t—lht—l;u
\/ ht 1 Iy 2
1 1 1
Z_L (92't 1+ |Zt 1|) Py 10ht Lp T (5 - 592%—1 - 57 |Zt—1|) ht—l;@,u
1 1 1
Py = — (0 + v (z—120) — I (21-1<0)]) ——=+ <5 — 0z — v |Zt1|) hi—1,
T 2 2
1 1 )
P = O+ (221 >0) = I (21 <0)]) P15 + 1 (0201 + v |2ze-1]) b1,y
t—1

1 1
+ (5 - 5921571 - 57 ‘Zt1|> htfl;#’#

Appendix G. Some additional calculations

How do we evaluate E {exp [x1n hy] hZ,, }:

First, note that

h?;a =1+2 (ﬁ - %ezt—l - %”Y |Zt—1|> ht—l;a + (ﬁ - %ezt—l 27 |Zt 1|> t La
i—1

S 1 1 1 1 2

= 0 [1 +2 (5 — 50z 15— 37 |Zt—1—i|) ht—l—i;a} XH (5 — 502 15— 357 |Zt—1—j|)
j=0

Hence,
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E {exp[cInh]hl,} = Zfool:[E{ — 202 —1v]|z \) exp [k (a+ 0z + g (z))}} X

{Eﬁﬁi+2E{( 0z——7|z|) exp [/{ﬁ (a4 0z4+ g (z ]}EnﬁE }
= E,.;E(;a)z. |
Additionally, we need:

E (exp (kInhy)In (b)) = E(GXp(lenht (_Mzﬁ - s+726 o ))
— mE (exp (klnhy)) + E (exp (k1nhy) Z B (0z-1-s + g (Zt—l—s)))

a
= mE (exp (k1lnhy))

+iBSE<exp( LM 0¥ 21 itk 09 (thlfj)> >

(0zi-1-5 +79 (21-1-5))
= —E(exp(klnht))—i-exp( ha )

1-p 1-p
X Z BE (exp (k0B° 21— + kvB8°9 (21-1-5)) (0221 + 79 (21-15)))
s=0
X H E (exp (k0B zi—1-; + kv g (z1-1-5)))
7j=0%#s
_ B Elnh ko E /{:9 12+ kyB?
= m (exp (k1n t))—l—eXp(l—B)H [exp (kOS2 + ky3g ()]

E (exp k% z+kyB°g (2)) 02 + 79 (2)])
. ZB Elexp (F05°z + k75°9 (2))]

= EkL

Appendix H. Expected values of the first & second order
log-variance derivatives

We assume |3 — LyF |z|| < 1.
First order derivatives:
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1 B (heo) = s 20
2. F (ht;ﬁ) = (1—ﬂ+%g|z\)(1_g)
3. & (htw) =0
4. B (hiy) =0
0E_,
5. B (hiy) = _W.

Second order derivatives:

1. E (hyan) = 1}(;*3!_—%))

3. () = LA e

4. E (hya0) = %

5. E (hioy) = ;(GME?i;j:;E)EVE;w
6. E (o) =

7. E (hyp,) = —2 2Bt 310 By

1=(8-37El2)

_ _a7BlIEse
8. B(hipo) = 1*4(ﬁ*%7E\z|)

E;;L+%(0+*yEI)E_%E;B_‘_%,YElZ'E;Bm

9. E (hipu) = ey

11E (hi;,0) = 0

128 (hy,p) = _EIE%+é(6+7E?E(B%E§:;iS|ZEWJF}WE'zEwm
13E (hyp0) = %

14E (hyg,.) = ‘E;+éwﬁvE(;)EéfEE':;imzm;em

15E (heyp) = (O+7BNE_y B+ 3vBI2|B )

1= (=3Bl
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Appendix 1. Useful formulae

Let I denote the Indicator function, then:

E[(0 47 (2i-130) — I (zi-1<0)]) Q21 + 79 (21-1))] = AOE |2] +7°Elyy
BlO0+71T (21 > 0) = T (21 < O))) (01 +1[7a])] = 209F [J2]
1051 +79 (1) Bza + 115 a)] = [0 47 (1= F2[2]) + 204 (=]2))]
1 1 ] 1, 1, ,
B 051 499 Ged) (8- g5 = g1l )| = =567 = 30 (L= B2LeD) — 6B aLa)

3 1 12 3
E |:Zt—1 (‘9275—1 + 79 (Zt—l)) (ﬁ - %9275—1 - %’V |Zt—1|)_ = i +7g9E (JZﬁE’%;; (2;23E_‘Z|E |22|%€Z|Z|))
10 (0° +39%) E(2%)
1 1 2] +1y (v +30%) E |2
0270 o)) (8= g0a = okl ) | = | =007 302~ 2570 = )
i —}L’y (92+72)E]z|
| +B872E? |2 — 37%0E (2]2]) E |2]

E

Elzal*g(z)] = E[7.9(z0)] =Elz - Elz|
E[g® (z1)] = 1-E?|7]
E[¢®(z-1)] = E (2]’ = 3|zeaa” B |2 + 3 |21 E? |2] — E® |2])
(E 12)* — 3E |z| + 23 2])
E[d (z1)|zaal] = (Bl2* —2E|2 + E*|2|)
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B|(04+917 Geoson) ~ 1 Grorcal)

E {zt_l 0+~ (z—10) — I (21-1<0)]) (

E g Go) 04711 Gorzo) — 1)) (8= 2070 — 2yleea])|
| (- 302 - Srtec)

E

1 1 1
E [g (Zt—l) Zg—1 (5 - 59215—1 - 57 |Zt—1|>

E

1 1 ]
E [92 (Zt—l) (5 - 5‘927:—1 - 57 |Zt—1|>

o) (6= L0ms = L))
g\Zt—1 5 Zt—1 27 Z—1

1
Zt—1 <ﬁ - 592%—1 -

1 1 1
(0zi—1 + v |2-1]) (5 — 59215—1 — 57 |Zt—1|)

E

1
(ﬁ 0ra = Tlzl)

1
E(ﬁ 2‘9215 1——7’% 1|>

1
(5—5 Zt— 1——’7|2t 1|)

1
E(ﬁ—§ 2 1——7!zt 1|)

1 2
57 |Zt—1|)

1 1
52 + —62 4 _72

B+ 560% +

(
(7]
(
(

35

1

1 -
5 - —ezt—l - 57 |Zt—1|>

2
1

] :
B—=0z_1— 57 |Zt—1|>

2

(0 + I (z—1>0) — I (2t—1<0)]) <5 — %92&—1 — %7 |Zt—1|) ]

_192 —
2

12
57

0(8—~E|z|) +v8EL

—0E (z]2]) + By E ||

1
—6 — —72EI 2 — yﬁE 2| ET

1
——6’F
2

626 + 193

[ 19 (B2’ - E|2|) + BE (z]2]) }

— 1y (B2 — E|z| E (2 ]2]))

1 (02 +97) (Bl - B2])

—BOE (2]z]) +
50 B -
—50 (EZ3

(z]2]) +~40E" ||

720

—257¢9E |z + 6 7EI
+iy (2 +30°) E

(2 ]z])

=B (L= E?|z) }

307 (B2 — E|2| E (2 ]2]))

W~ |

(92 + 72) B2 — ByE (2|2])

1 1
= ByE|z| - 572 — 592 — OvE (2 |2])

4

+ 38+2

3 +192th 1"‘47 |2 1| )
—082 1—75|Zt 1|+2792’t 1]ze-1]

—ABE|e] + 2908 <z|z|>)

B = 350 + 58022, —
7‘92|2t 1| +45W |2 1| - 8729% 1
—10(02+37)E( 3) —
+3BY0E (2 |2]) — 37 (72 +302)E|Z|

103zt 1

35 ¥ |21 + QBVQZt 1]z
8’7 |Zt 1|

33*vE|2|

)

1y (B2l — 2B 2| + E*2]) }
2B 2| B (z]2]))

1 1
= 0 (§7E |2)* — 6) +

)



Appendix J. Symbols

The next symbols are used in the paper and more specifically in the expressions of the
expected values of all the derivatives.

E (exp (klnhy)In(hy)) = ExL E (exp (klnhy)In (hy_1)) = ExL(—1)
E (exp [k1In (hy)]exp [An (hy1)]) = E.E\(-1)
E (exp [rIn (h)]exp [AIn (hy_1)] I.,_,) = E.EIL\(-1)
E(exp (klnhy)Inhyexp (Alnh,—y)) = E.LE,(-1)
E (exp [sIn (he)|In hyexp [An (he—1)] I.,_,) = E.LEI,(-1)
E(In®(h)) =L* E(n(h))’=L% etc

E(hug) = Ep  E(hga) = Ea E(hup)’ =Eggp  E(hy)’ = Ep etc
E(In(ht) hty,) = LE,, E(In(h)hia)=LE, E(higln(hy))=LEgz etc
E (his (In(hh))?) = L’Eg  E(In(h) hig) = LE 4
E(exp (klnhy) hig) = EyEz E(exp(klnhy) hio) = ELE.,

E(exp(klnh) hy,) = EpE, etc.
E(exp(kInhy) hi,) = E«E.p E(exp(klnh)hi,) = EE s etc.

b (ht;ﬁ (ht;u)Q) = E;B(;u)2
E (ht—l;ﬁht—l;u) = E;ﬁ;u E (ht;ﬁht;a) =Epa FE (ht;ﬁhtw)

E(exp [k In (ly)] highey) = ExEgy  ete
E(hpu) = Egp E(hipy) = By ete.

= F.., etc

E(ht;uht;uyu) = E;u;uyu
E(In(he) hepp) = LEgg

E (exp (kInhy) by ) = ELEy,
E (highips) = Eppp
E (exp (kInhy) In (hy) hyy) = ELLE,,

E (ht;ﬁht;uvu) = E;B;u,u E (ht;uht;uﬁ) = E;u;uﬁ
E(exp(klnhy) hypp) = E.E.,.p
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